Electromagnetic fields are generated in high energy nuclear collisions by spectator valence protons. These fields are traditionally computed by integrating the Maxwell equations with point sources. One might expect that such an approach is valid at distances much larger than the proton size and thus such a classical approach should work well for almost the entire interaction region in the case of heavy nuclei. We argue that, in fact, the contrary is true: due to the quantum diffusion of the proton wave function, the classical approximation breaks down at distances of the order of the system size. We compute the electromagnetic field created by a charged particle described initially as a Gaussian wave packet of width 1 fm and evolving in vacuum according to the Klein-Gordon equation. We completely neglect the medium effects. We show that the dynamics, magnitude and even sign of the electromagnetic field created by classical and quantum sources are different.
prescription leads to a significant variation in field strength estimates. Since the largest contribution to the electromagnetic fields arises at short distances, where the classical approximation breaks down, a consistent calculation requires the full quantum treatment of the electromagnetic currents.
Such a treatment constitutes the main subject of the present article. The classical approximation is expected to break down at distances b ∼ 1/m, because a particle's position cannot be localized better than its Compton wave length. In fact, we argue that this happens at much larger distances.
In the quantum approach, the colliding nucleons are described by a wave function satisfying the Dirac equation. Since the charge distribution in quantum treatment is not singular, the strength of the electromagnetic field naturally saturates in the UV limit. As in the classical case, we employ the eikonal approximation [5] [6] [7] [8] [9] [10] [11] , assuming that nucleons move along the straight lines thus neglecting their deflection due to the external fields. This approximation breaks down at very large momentum transfer corresponding to very small b ∼ α s /mγ, where m is the nucleon mass and γ is the collisions energy in units of m. The principal practical difference between the quantum and classical approaches is the quantum diffusion effect of the nucleon wave function. In contrast to the classical picture where the charge moves as a whole at nearly the speed of light, quantum diffusion generates a sideway flow of current. As a consequence, the electromagnetic field stays longer in the interaction region. This effect does not require any medium and is present even in vacuum. Therefore, in this article we focus on the electromagnetic fields created by the quantum sources in vacuum. Also, since quantum diffusion does not depend on spin, we replace the nucleons with scalar sources satisfying the Klein-Gordon equation. We defer analysis of the spin contribution and medium effects to future work.
It is important to emphasize, that unlike the typical situation in scattering theory, we cannot approximate the nucleon wave function by a plane wave, i.e. a state with a definite momentum.
The collision theory usually considers scattering of two wave packets that have a spatial extent much greater than the interaction range because the former is of macroscopic origin, while the latter is of a microscopic scale. This is one of the reasons that the incident and outgoing particles can be treated as plane waves [12] . Our situation is different because both scales are microscopic.
The very fact that a collision at impact parameter b happened implies that the spatial dimension of the wave packet after the collision is of order b, which is comparable with the interaction range.
If we were interested in the short distance processes, we could have used the plane approximation because such a process probes only a small part of the wave function in momentum space. Since we are interested in the long-range electromagnetic fields, the plane wave approximation cannot be made.
The paper is organized as follows: In Sec. II we review the classical calculation of the electromagnetic field of a point particle that has been relied upon in the literature thus far. In Sec. III we calculate the electromagnetic field strength using non-relativistic quantum mechanics and discuss two limits: the classical limit that yields the results of Sec. II and the plane wave limit of quantum scattering theory in which the fields vanish altogether. Although the non-relativistic approximation is not valid for the relativistic collisions we are interested in, it provides a simple illustrative model of quantum diffusion. In Sec. IV A we calculate the fields in the ultra-relativistic approximation.
The results show a strong quantum (vacuum) diffusion effect that leads to the transverse expansion of the electromagnetic charge distribution. As a result, the electromagnetic fields are present in the interaction region for times of the order of the system size. In Sec. IV B we support our conclusions by numerically computing the electromagnetic fields. In Sec. V we present a brief summary and discussion of our results.
II. ELECTROMAGNETIC FIELD OF A CLASSICAL SOURCE
It is instructive to begin with the calculation of an electromagnetic field created by a classical point charge e. In the charge's rest frame, marked by the subscript "0" throughout the paper, the charge and current densities are
The corresponding potentials read
Transitioning to the center-of-mass (COM) frame where the charge moves with the constant velocity v along the z-axis is accomplished by the transformation
The transverse components of the potentials do not change. Denoting the transverse components of the position vector by b, so that r = zẑ + b, we obtain
Alternatively, these equations can be obtained directly from the wave equations
with the potentials satisfying the Lorentz gauge condition
and the current given by
The electromagnetic fields are calculated as
where φ is the polar angle of the cylindrical coordinate system andφ is the corresponding unit vector. Magnetic field (9) at z = 0 is plotted in Fig. 1 for the future reference. Eqs. (9), (10) hold in the eikonal approximation. Namely, we assumed that the particle trajectory is a straight line. As explained in the Introduction, this is a valid approximation if the particle's deflection in the course of the collision is negligible. The deflection is caused primarily by the strong nuclear force which does work ∼ α s /b on a particle moving along the z-axis. It can be neglected compared to the particle's kinetic energy if b α s /(mγ), which holds for all relevant distances.
The classical approach of this section assumes that the particle trajectory is known: its position is fixed by the delta-functions in (8) and its momentum is p = mv. This is a good approximation far away from the charges. However, at small b it breaks down giving way to the quantum treatment which we discuss in the next section.
III. NON-RELATIVISTIC QUANTUM SOURCE
The electromagnetic current of quantum sources depends on their wave function. In this paper
we model the wave function by a Gaussian of width a in the particle's rest frame. The main advantage of this model is its simplicity. In particular, we can derive analytical results that clearly display the effects we are studying and serve as a benchmark for future calculations. Thus, suppose that at the initial (collision) time t = 0, the wave function in the particle's rest frame is given by
The corresponding wave function in momentum space reads
It is instructive to begin with a non-relativistic approximation, which applies if the valence charge is heavy. The time-dependence of the wave function (11) is given by
The charge and current density in the rest frame can be computed as
Comparing this with the classical point source (1) we observe that (i) the charge density is spread over the region of size a and (ii) it is time-dependent even in the rest frame.
The wave function in the COM frame is obtained by means of the Galilean transformation
As a result, the charge and current densities of a particle moving with velocity v = vẑ read
where λ = /m is the Compton wavelength. The classical limit of (18)
followed by the limit a → 0. This procedure recovers the expression for the classical sources (8). *
In quantum scattering theory, the incoming and outgoing particles are described by states with definite momentum, which corresponds to the limit a → ∞. This approximation is valid only when the uncertainty of particle position a is much larger than the interaction range. This is clearly not the case in the problem we are discussing here.
The electromagnetic retarded potentials in the rest frame are
A 0 (r 0 , t 0 ) = 1 4π
The corresponding electric field is
where R = r 0 − r and t = t 0 − R. Due to the spherical symmetry in the rest frame, there are only two non-vanishing potentials ϕ 0 (r 0 , t 0 ) and A r0 (r 0 , t 0 ); magnetic field B 0 = 0 vanishes and the only non-vanishing component of electric field is E r0 (r 0 , t 0 ).
At early times, t a 2 /λ, the quantum diffusion can be neglected, which allows us to analytically determine the field strength. In this approximation ρ 0 is time-independent and j 0 ≈ 0 so that the integral in (22) can be done analytically. To this end we expand the Coulomb potential in a complete set of the spherical harmonics using the well-known formula 1 |r − r | = 4π
(25) * Note that the limits → 0 and a → 0 do not commute. The classical result (8) is obtained by first taking → 0 and then a → 0 in which case both the momentum and the coordinate have definite values. This is why we cannot put a to zero right away. and, after a simple integration, derive
Thus, in the COM frame ϕ(r, t) = 1 4π
When z − vt = 0 and b a we get
As we expected, the parameter a regulates the maximal strength of the field. The total electromagnetic energy of the charge is also finite and in the rest frame at early times is given by
In the limit of a classical point source a → 0, (27) becomes a boosted Coulomb potential. In the opposite limit of definite momentum a → ∞, when the particle is described by a plane wave, the electromagnetic field vanishes.
At later times the quantum diffusion becomes very important. In particular, the electromagnetic current in the transverse, viz.b, direction violates relativistic causality. This compels us to do the full relativistic calculation which is described in the next section.
IV. RELATIVISTIC QUANTUM SOURCES
In the relativistic case, the wave function in the rest frame in the coordinate representation reads
where ε k = √ m 2 + k 2 , k = mκ and λ = /m. Eq. (31) satisfies the Klein-Gordon equation and replaces the non-relativistic equation (13) . It is difficult to handle (31) analytically. To obtain a qualitative picture of the relativistic effects we first analyze the ultra-relativistic limit.
which implies b = √ t 2 − z 2 . An implication of this result is that even in the midrapidity plane (z = 0), the charge and current densities are large as late as t ∼ R, where R is the system size.
Since Φ is suppressed at large values of its argument, the main contribution to the potential arises from the region |r 0 ± t 0 | √ 2a where Φ ≈ 1. Expanding (35) we obtain
The corresponding potential is calculated as in (22). At short distances, r 0 → 0, we get
In the COM frame
As in the non-relativistic case, the potential is regulated at small distances by a, and is boosted by γ as expected from its transformational properties under the boosts, see (4).
B. Numerical solution
Since the fields created by a relativistic quantum source are not amenable to an analytical solution, we calculated them numerically. We present the results in the cylindrical coordinate system span by the unit vectorsb,θ andẑ in which B = Bθ, E = E ⊥b + E ẑ. The sources move with a constant velocity v in the +z direction, starting at the origin at t = 0. Due to how the electromagnetic fields transform, in both the classical and relativistic case E ⊥ = B/v, E = (z − vt)E ⊥ ·b/b, see e.g. (9) and (10), and so are not plotted here. For the purpose of the numerical calculation, the width of the Gaussian is fixed at a=1 fm, corresponding to the proton size, m = 300 MeV corresponding to the constituent quark mass and the collision energy is γ = 100. The results of our calculation are exhibited in Fig. 2 . In every figure we are looking at the midrapidity plane z = 0.
At very early times, the classical Fig. 1 ones, which is indicative of the transversely traveling diffusion wave. Furthermore, unlike the fields of the classical sources, all components of fields of the quantum sources change sign at a certain b (t). This indicates the position (time) at which most of the charge and current density effectively passes the observation point. To wit, initially most of the charge and current density is localized within a sphere of radius a, so that an observer in the charge rest frame located at b > a (and z = 0) sees all charge near the origin. At later times most of the charge diffuses outside a sphere of radius b, so that the observer will see most of the charge located on the other side with respect to the origin. The negative sign of magnetic field at small b's and large t's is due to the second and third terms in (24), which imply that the diffusion current increases while the charge density decreases with time in that region. The fact that the fields flip their direction may have important implications for the interpretation of the charge separation effect [14] .
V. SUMMARY AND OUTLOOK
The classical scattering theory deals with point particles that have definite position and momentum, while the quantum scattering theory usually deals with asymptotic states with definite momentum. So far calculations of the electromagnetic field produced in relativistic collisions have been done in the classical approach which plainly contradicts the uncertainty relation. On the other hand, treating particles as plane waves is also not a reasonable approach because we are interested in the fields created in a microscopic volume. Thus, we have to deal with wave packets of finite size that were described in this paper by a Gaussian of width a (in the coordinate space).
In the limit a → 0 we recovered expressions for the Coulomb field of a classical point charge, while at a → ∞ (the plane wave limit) the electromagnetic field vanishes.
The time-evolution of the wave function of the source depends on the dispersion relations. While some analytical results can be derived in the non-relativistic and ultra-relativistic approximations, the most accurate approach is to use the exact relativistic dispersion relation which has been done numerically. Our main conclusion is that that quantum treatment is absolutely essential in obtaining realistic electromagnetic fields. This is true not only at short distances ∼ 1 fm but even at larger distances in the entire interaction volume. The electromagnetic fields produced by the quantum sources stay longer in the interaction volume than their classical counterparts and have a significantly different spatial distribution.
Since our primary interest in this work was studying the time evolution of the quantum sources, we neglected the spin and medium effects. However, a phenomenologically sound approach must necessarily take these effects into account. These will be addressed elsewhere.
